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TECHNICAL NOTE D-227 

EFFECT OF ECCFSJTRICITY OF THE LUNAR ORBIT, OBLATENESS 

OF TIHE EARTH, AND SOLAR GFUVITATIONAL 

FIELD ON LUNAR TRAJECTORIES 

By W i l l i a m  H. Michael, Jr., and Robert H. Tolson 

SUMMARY 

Calculations have been made t o  determine the magnitude of the 
e f f ec t s  on lunar t r a j ec to r i e s  of the eccentr ic i ty  of the lunar orb i t ,  
the  oblateness of the earth,  and the solar perturbation. Comparisons 
have been made between lunar t ra jec tor ies  which were calculated by using 
the c l a s s i c  r e s t r i c t ed  three-body equations of motion and lunar t ra jec-  
t o r i e s  (with ident ica l  inject ion conditions) which w e r e  calculated by 
using equations of motion which include terms representing the addi t ional  
e f fec ts .  On the basis of such comparisons, it w a s  found that the oblate- 
ness of the ear th  can modify the t ra jec tor ies  i n  the v i c in i ty  of the 
mom by several  hundred miles o r  more; whereas, the  eccent r ic i ty  of the  
moon's o r b i t  and the gravi ta t ional  gradient of the sun are r e l a t ive ly  
l e s s  important and cause a difference i n  impact point of no more than 
one or two hundred miles along the  lunar surface. The r e su l t s  of such 
comparisons give an indication of whether these addi t ional  considerations 
should be included i n  t ra jec tory  calculations f o r  par t icu lar  lunar 
missions. 

INTRODUCTION 

With the rapid development of space technology, prospects of lunar 
exploration have advanced f romthe  state of remote poss ib i l i t y  t o  t h a t  
of f a i r l y  imminent probabili ty.  I n  p a r a l l e l  with the advance i n  tech- 
nology, ana ly t ica l  studies of lunar t r a j ec to r i e s  have become more sophis- 
t i ca ted .  Early lunar-trajectory studies, including those of references 1 
t o  4, considered the motion of an inf ini tes imal  body under the gravita- 
t i o n a l  a t t rac t ions  of the point masses of the  ear th  and moon. In  these 
studies,  the ea r th  and moon were considered t o  ro t a t e  i n  c i r c l e s  about 
the center of mass of the earth-moon system, and the motion of the s m a l l  
body w a s  confined t o  the  plane defined by the motion of the ear th  and 
moon. Such two-dimensional studies have been followed more recent ly  by 
three-dimensional t ra jec tory  studies which eliminate the  r e s t r i c t i o n  of 
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confining the motion of the space vehicle t o  the earth-moon plane. 
The three-dimensional studies,  some of which are  discussed i n  r e fe r -  
ences 5 to 7, allow consideration of such parameters as l a t i t u d e  of the 
inject ion point, inject ion azimuth angle, decl inat ion of the moon, and 
incl inat ion of the plane of the vehicle t ra jec tory  t o  the earth-moon 
plane. 

The two- and three-dimensional s tudies  discussed above f o r  the most 
p a r t  do not include the e f f ec t s  on the t r a j ec to r i e s  of the  eccent r ic i ty  
of the moon's orb i t ,  the oblateness of the ear th ,  or the grav i ta t iona l  
f i e l d  of the sun. In  reference 1, however, i s  included a discussion of L 
the approximate effects  of such addi t ional  considerations, and re fer -  8 
ence 2 includes 0 
of the s o l a r  perturbation on a circumlunar mission. 0 
missions i n  which precise t ra jec tory  calculations a re  required, these 
e f f ec t s  should be included. On the other hand, i ndus t r i a l  and research 
organizations have no doubt accumulated a large number of t ra jec tory  
calculations i n  which these e f f ec t s  have been neglected, and it i s  of 
i n t e r e s t  t o  determine t o  what extent inclusion of the addi t ional  e f f ec t s  
might influence the r e su l t s  previously obtained. If the e f f ec t s  of 
inclusion of the lunar o r b i t  eccentr ic i ty ,  ea r th ' s  oblateness, and solar  
perturbation a re  small, it i s  possible t h a t  such e f f ec t s  can be neglected 
f o r  a variety of l u n a r  missions, and r e s u l t s  of previous calculations or 
the simplified analyses can be used. 

some t ra jec tory  calculations which invest igate  the e f f ec t  
For par t i cu la r  lunar 

The present paper compares r e s u l t s  of lunar t r a j ec to r i e s  which 
include and neglect the e f f ec t s  of the eccent r ic i ty  of the moon's orb i t ,  
the  ea r th ' s  oblateness, and the so la r  perturbation t o  determine the 
order of magnitude of these e f f ec t s  on lunar t r a j ec to r i e s .  The compari- 
sons are  made fo r  l u n a r  t r a j ec to r i e s  which impact the moon, and d i f f e r -  
ences i n  impact points on the lunar surface due t o  the  addi t ional  e f fec ts  
a re  given. The r e su l t s  are  a l so  applicable as indications of the order 
of magnitude of the perturbation e f f ec t s  on lunar t r a j ec to r i e s  f o r  other 
luna r  missions. 

SYMBOLS 

a distance between centers of mass of ea r th  and moon, m i l e s  

Q, I$ ,BZ nondimensional grav i ta t iona l  perturbation acceleration 
components due t o  e a r t h ' s  oblateness 

Fx,Fy,FZ perturbation acceleration components due- t o  sun's poten t ia l  
gradient, m i l e s / G  

i m  incl inat ion of equator ia l  plane t o  earth-moon plane, deg 
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i s  

J 

inc l ina t ion  of e c l i p t i c  t o  earth-moon plane, deg 

coef f ic ien t  of second harmonic of ea r th  grav i ta t iona l  
po ten t ia l ,  0.001624 

- 81.45 
82.43 

- -  Mass of ear th  
Mass of ear th  + Mass of moon 

k l  = 

- 1 _ - -  Mass of moon k2 = - 
Mass of ea r th  +Mass of moon 82.45 

equator ia l  radius of earth, 3963.34 m i l e s  

radius  from origin of coordinates t o  sun, 92.9 X 10 6 m i l e s  

d is tance from vehicle to  k th  body, miles 

time from injection, hr 

angular posi t ion of the moon measured eastward from X - a x i s ,  
deg 

angular posi t ion of sun i n  e c l i p t i c  measured eastward from 
ascending node, deg 

in jec t ion  velocity,  mph 

parabolic veloci ty  a t  inject ion a l t i t ude ,  24,123.8 mph 
at 300 miles a l t i t ude  

posi t ion components of vehicle 

posi t ion components of kth body 

posi t ion components of vehicle r e l a t i v e  t o  moon (see f i g .  1) 

geocentric colat i tude of  vehicle,  deg 

gravi ta t iona l  potent i a1 of ear th ,  
2 m i l e s  

hr2 

product of universal  gravi ta t ional  constant and mass of 
3 m i l e s  k th  body, 

hr2 
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Qm angle measured i n  XY plane eastward from X - a x i s  t o  node 
of equator, deg 

QS angle measured i n  XY plane eastward from X - a x i s  t o  ascending 
node of sun's plane, deg 

7 

3r 

P 

vehicle in jec t ion  angle, angle between veloci ty  vector and 
normal t o  radius vector, deg 

vehicle posi t ion angle, angle between geocentric radius 
vector a t  in jec t ion  and X - a x i s ,  measured i n  earth-moon 
plane, deg 

i n i t i a l  angle between vehicle plane and earth-moon plane, 
deg 

Subscripts : 

1 ear th  

2 moon 

3 SUn 

. 

L 
8 
0 
0 

EQUATIONS OF MOTION 

The equations of motion of an inf in i tes imal  body moving under the 
gravi ta t ional  a t t r ac t ion  of the ear th  and moon have been modified t o  
include the additional e f f ec t s  of the eccent r ic i ty  of the  moon's orb i t ,  
the  oblateness of the earth,  and the grav i ta t iona l  a t t r ac t ion  of the sun. 
The equations are  wri t ten with respect t o  a coordinate system with the 
X - a x i s  as the l i ne  from the center of the ear th  t o  the  center of the  
moon a t  the time of injection, the Y-axis normal t o  the X - a x i s  i n  the 
plane of motion of the moon and posi t ive i n  the d i rec t ion  of motion, 
and the  Z - a x i s  normal t o  the plane of motion of the moon. 
nate  system, which i s  shown i n  f igure 1, has i t s  or ig in  a t  the  center 
of mass of the earth-moon system. 

The coordi- 
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The equations of motion of the vehicle are: 

2 
z l + B  

- k2 7 + F, 
2 

( 2 )  
2 d z  

3 d t2  r - = +l r 1 
J 

where 

r =  1 /P - Xl)* + ( Y  - Y$2 + 22 

and 

The product of the mass of the ear th  and the universal  g rav i ta t iona l  

constant p is  taken as 1.239483 x 10 . The earth-to-moon 1 

mass r a t i o  i s  taken as 81.43. 
sen t  the perturbation accelerations on the vehicle due t o  the ea r th ' s  
oblateness and the grav i ta t iona l  f i e l d  of the  sun, respectively.  

l2 3 

hr2 
The Band F terms i n  the equations repre- 

The coordinates of the ear th  x ,y ,O and the moon ( 1 1  1 
are  time dependent. The equations f o r  these coordinates are: 

x1 = k2a cos y1 = k a s i n  urn 2 

x2 = kla cos y2 = kla sin 
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where a and are  tabulated as functions of time. For c i rcu lar  
lunar orbi ts ,  a i s  constant and i s  a l i n e a  function of t i m e .  - 
For eccentric l u n a r  o rb i t s ,  these parameters are calculated from d a t a  
given i n  reference 8. n u s ,  comparisons of lunas  t r a j ec to r i e s  can be 
made in which the o r b i t  of the moon is  considered t o  be e i t h e r  c i rcu lar  
or noncircular. 

For consideration of the oblateness of the earth,  the ea r th  is  
taken as an oblate spheroid. 
terms of the expansion of the poten t ia l  w i l l  give su f f i c i en t  accuracy 
f o r  t h i s  investigation. With these assumptions, the  ea r th  grav i ta t iona l  
po ten t ia l  function i s  

It is fur ther  assumed t h a t  the f irst  two 

where the f i r s t  term i n  the bracket i s  the  po ten t i a l  function f o r  the  
spherical  ear th  and the following terms represent the oblateness e f fec t .  
The gravi ta t ional  force components along the  coordinate axes are the 
negative gradients of the potent ia l ;  f o r  instance, t he  force along the 
X-axis is given by 

, 

4 

The geocentric colat i tude of the vehicle can be obtained from the posi- 
t i on  coordinates of the vehicle and the geometry of the s i tua t ion .  The 
expression for the  geocentric colat i tude of the vehicle i s  

cos e = - L[- (x - xl) s i n  i, s i n  am + y - yl) s i n  i, cos ‘1 ( 

The angular re la t ions  are  shown i n  f igure 2. After performing 

- z cos i, 1 
the indi-  - 

cated d i f fe ren t ia t ion  and combining terms, the nondimensional perturba- 
t i o n  acceleration components due t o  the ea r th ’ s  oblateness are 

2 2 cos e s i n  im s i n  & 
x - XI Bx = - 

1 r m2t - + 



2 cos e cos 
+ B, = - 

z 

The value f o r  J i s  taken as 0.001624 from reference 9. 

The so lar  acceleration of the vehicle with respect  t o  the i n e r t i a l  
coordinate system i s  the vector difference between the s o l a r  accelera- 
t i on  of the vehicle and the so l a r  acceleration of the or igin of the 
coordinate system. 
have been determined by standard perturbation methods from considera- 
t ions  similar t o  those discussed i n  reference 10. 
entered in to  equation (1) t o  account for the solar gravi ta t iona l  f i e l d  
a re  

The components of the perturbation accelerations 

The terms t o  be 

r 1 

where 

The product of the sun's mass and the  universal  g rav i ta t iona l  
3 

constant p i s  taken as 4.15 X 10 l7 . The sun i s  assumed t o  

revolve about the or igin with constant angular velocity,  i n  a plane 
inclined a t  a constant angle t o  the earth-moon plane and a t  a constant 

. 3 hr2 
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radius  f romthe  origin.  
of the center of mass of the sun are  

The equations used t o  specify the coordinates 

= R,(COS us cos R, - s i n  us s i n  as cos is) x3 

= Rs cos us s i n  Rs + s i n  us cos as cos is) y3 ( 

z 3  = Rs s i n  us s i n  is 

where us 
increases a t  a r a t e  of about 0.041 deg/hr. The value of us is  computed 
as a phase angle plus the product of the angular rate and the time from 
injection. (See f ig .  3 f o r  angular descr ipt ions.)  

is the angulas posi t ion of the sun i n  the e c l i p t i c  and 

The equations of motion, equations (l), along with the auxi l ia ry  
equations have been programmed f o r  numerical integrat ion by a fourth- 
order Runge-Kutta procedure on a d i g i t a l  computing machine. The r e s u l t s  
of the integration process are the posi t ion and veloci ty  components of 
the  vehicle as functions of time. Additional r e su l t s  include the posi- 
t i o n  components of the vehicle r e l a t ive  t o  a ro t a t ing  coordinate system 
(Xm,Ym,&) fixed a t  the center of the moon as shown i n  figure 1. 

The equations can be reduced t o  the c lass ica l ,  three-body equations 
by neglecting the terms due t o  the e a r t h ' s  oblateness and the solar per- 
turbation and by entering as constants the earth-moon distance and r a t e  
of revolution of the moon i n  i t s  orb i t .  Thus, these equations provide 
a means f o r  comparison of t ra jec tory  calculations with and without the 
e f f ec t s  of the eccentr ic i ty  of the moon's orb i t ,  the  oblateness of the 
ear th ,  and the solar gravi ta t ional  f i e ld .  

BASIC CASES FOR TRAJECTORY COMPARISONS 

For determining the order of magnitude of the e f f ec t s  of the  eccen- 
t r i c i t y  of the moon's orb i t ,  the oblateness of the  earth,  and the solar 
gravi ta t ional  f i e ld  on lunar t r a j ec to r i e s ,  comparisons are made between 
t ra jec tory  calculations which include these e f f ec t s  and calculations i n  
which such ef fec ts  have been neglected. The lunar t r a j ec to r i e s  i n  which 
these effects  are neglected are  referred t o  as basic cases, and corre- 
spond t o  the  c lass ic  r e s t r i c t e d  three-body problem of c e l e s t i a l  mechanics 
i n  which an inf ini tes imal  body moves under the  grav i ta t iona l  influence 
of the point masses of two f i n i t e  bodies which revolve i n  c i r c l e s  about 
t h e i r  common center of mass a t  a constant angular rate. 

L 
8 
0 
0 



2D 

9 

L 
8 
0 
0 

Some typica l  lunar t r a j ec to r i e s  have been chosen fo r  the basic  cases. 
The basic cases have the common character is t ics  of in jec t ion  from the 
l a t i t ude  of 28.46O N. (Cape Canaveral, Fla . ) ,  and inject ion a t  an a l t i t u d e  
of 300 s t a t u t e  miles. The inject ion conditions fo r  the basic cases have 
been chosen t o  give 1una.r impact a t  specified design values of declina- 
t i o n  of the moon and t o  give the  same i n i t i a l  incl inat ion of the plane 
of the t ra jec tory  t o  the earth-moon plane f o r  each set of velocity r a t io s .  
The basic  cases cover a range of inject ion velocity for two values of 
earth-moon distances,  one corresponding t o  perigee (229,loO miles) for a 
pa r t i cu la r  month and one corresponding t o  mean earth-moon distance 
(238,857 miles). 
the ea r th  and moon about the center of mass of the earth-moon system was 
considered constant fo r  a given earth-moon distance and w a s  obtained 
from the Keplerian period of ro ta t ion  of the two bodies a t  t h a t  distance.  
The in jec t ion  conditions f o r  the basic cases a re  given i n  tab le  I. Ty-pi- 
c a l  t r a j ec to r i e s  a re  plot ted w i t h  respect t o  the i n e r t i a l  coordinate 
system i n  f igure 4. 

For these basic cases, the rate of angular motion of 

For the investigation of the e f fec t  of the eccent r ic i ty  of the moon's 
orb i t ,  two s e t s  of basic cases permit comparisons of the e f f e c t  of the 
eccent r ic i ty  a t  the earth-moon distances a t  which the r a t e  of change of 
distance is a minimum (at  perigee) and a maximum ( a t  mean dis tance) .  

For the investigation of the perturbations due t o  the  sun's gravita- 
t i o n a l  f i e l d  and the  oblateness of the ear th  on lunar t r a j ec to r i e s ,  the 
pa r t i cu la r  earth-moon distance i s  of r e l a t ive ly  minor importance and 
therefore t ra jec tory  comparisons have been made fo r  only one value 
(238,857 miles) of t h i s  distance.  
ness, the geocentric l a t i t ude  history of the vehicle is  of importance, 
and some addi t ional  basic cases are considered, as discussed i n  a l a t e r  
section. 

For the e f f e c t  of the earth's oblate- 

It should be pointed out t h a t  the basic  cases have not  been r e l a t ed  
t o  any par t icu lar  date of f i r i ng .  
t i on  of the moon a t  contact, and earth-moon distances a t  contact have 
been specified,  these values have been chosen as f a i r l y  typ ica l  ones f o r  
lunar t r a j ec to r i e s  and are not necessarily applicable f o r  any par t i cu la r  
date.  This a l so  applies t o  the variation of the earth-moon distance 
used i n  the calculations f o r  the eccentr ic i ty  of the moon's o rb i t .  
Although the earth-moon distances for  a par t icu lar  month have been used 
as a typ ica l  case, the other parameters f o r  the t r a j ec to r i e s  do not  
necessarily correspond t o  par t icu lar  dates f o r  t h a t  month. 

Although the launch l a t i t ude ,  declina- 
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EFFECTS OF TKE ECCENTRICITY OF THE LUNAR 

ORBIT ON LUNAR TRAJECTORIES 

General Considerations 

Suppose t h a t  inject ion conditions r e l a t i v e  t o  the  ea r th  have been 
determined f o r  lunar t r a j ec to r i e s  which r e s u l t  i n  impact on the moon, 
assuming t h a t  the moon moves i n  a c i rcu lar  o r b i t  about the ear th .  With 
these same in jec t ion  conditions, it i s  desired t o  determine t o  what L 
extent  consideration of the eccent r ic i ty  of the  moon's o r b i t  a f f ec t s  the 8 
lunar t ra jec tor ies .  0 
earth-moon distance a t  the design t i m e  of vehicle contact i s  the same 0 
fo r  both the  circular  and eccentric l u n a r  o rb i t s . )  

(It i s  assumed throughout this  discussion tha t  the 

The f a c t  t h a t  the moon moves i n  an eccentr ic  o r b i t  means t h a t  i t s  
angular r a t e  of motion about the ear th  and the distance between the 
ear th  and moon are changing w i t h  t h e .  It i s  thus apparent t h a t  during 
the f l i g h t  of the vehicle from ear th  t o  moon the posi t ions of the moon 
i n  i t s  true eccentric o rb i t  d i f f e r  somewhat from the  posit ions which it 
would have i n  a c i rcu lar  o rb i t .  These differences i n  the  moon's posi- 
t i on  introduce a perturbation which can be expected t o  cause changes i n  
the vehicle t ra jec tor ies .  

To investigate the e f f ec t s  of the eccent r ic i ty  of the moon's o r b i t  
on lunar t r a j ec to r i e s ,  t ra jec tory  calculations which neglect and include 
the eccentr ic i ty  of the o r b i t  are compared. (For these comparisons, the 
e a r t h ' s  oblateness and so lar  perturbation t e r m s  i n  eqs. (1) are neglected 
i n  both the eccentric and c i rcu lar  o r b i t  t ra jec tory  calculat ions.)  
the eccentric o r b i t  t ra jec tory  calculations,  the ac tua l  ear th  t o  moon 
distances and the angular posi t ion of the moon i n  the earth-moon plane 
a re  entered in to  a tab le  as functions of time. The values f o r  these 
parameters are  calculated from data  available i n  reference 8. 
moon distance i s  calculated from the horizontal  p a r d l a x  of the moon. 
The angular motion of the moon i n  the earth-moon plane involves reduc- 
t i o n  of the data  f o r  l a t i t ude  and longitude of the moon ( i n  the  e c l i p t i c  
system) to  angular posi t ion i n  the earth-moon plane. 

For 

The earth- 

For the month of September 1959, the  earth-moon distance i s  shown 

The earth-moon 
a t  the top of f igure 5, and the angular r a t e  of motion of the moon i n  the 
earth-moon plane i s  shown a t  the bottom of the figure.  
distances and angular r a t e  of motion of the moon sham by the so l id  curves 
of f i g u r e  5 have been used as typ ica l  values i n  the t r a j ec to ry  calcula- 
t ions  which consider the eccent r ic i ty  of the moon's o rb i t .  
i n  the  bottom pa r t  of the f igure  are  the r a t e s  of angular motion of the 
moon assuming a c i rcu lar  o r b i t  with radius equal t o  the  earth-moon d is -  
tance for the given date,  such as might be used i n  the  corresponding 

Also sham 
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three-body problem. 
of 238,857 m i l e s  and 229,100 miles, which are used i n  the basic cases 
are  indicated on the figure.  ) 
(229,100 miles) and mean earth-moon distance (238,857 m i l e s )  as the d is -  
tances a t  t i m e  of lunar impact fo r  the t r a j ec to ry  calculations considers 
the cases f o r  which approximately minimum and maximum rate of change of 
earth-moon distance and minimum and maximum rate of change of angular 
r a t e  of motion of the moon occur during the f l i g h t  time t o  the moon. 

(The angular rates, f o r  ear th  t o  moon distances 

The choice of perigee distance 

In j e c t i on  Si tuat ion fo r  Eccentric -Orbit Tr a j ec t o r  ie  s 

For comparing t r a j ec to r i e s  calculated with c i rcu lar  and eccentric 
lunar orb i t s ,  the calculations were mad& with equal values of inject ion 
conditions r e l a t i v e  t o  the center of the ear th .  
pos i t ion  of the moon a t  injection, two d i f f e ren t  in jec t ion  s i tua t ions  
a re  considered f o r  the eccentric-orbit  calculations.  These in jec t ion  
s i tua t ions  are  i l l u s t r a t e d  schematically i n  f igure 6. 

W i t h  regard t o  the 

One in jec t ion  s i tua t ion  assumes t h a t  the posi t ion of the moon at  
inject ion,  r e l a t i v e  t o  the  design contact posit ion,  i s  the same fo r  the 
eccentr ic-orbi t  t r a j ec to r i e s  as fo r  the comparable c i rcu lar -orb i t  t r a -  
jec tor ies .  This a l so  means t h a t  the posi t ion angle $ f o r  the eccentric- 
and c i rcu lar -orb i t  t r a j ec to r i e s  is  the same. Trajectories calculated 
with t h i s  in jec t ion  s i tua t ion  are  called t r a j ec to r i e s  A and are  i l l u s -  
t r a t e d  schematically i n  p a r t  (a)  of f igure 6. 

The other inject ion s i tua t ion  assumes t h a t  f o r  both eccentric- 
and c i rcu lar -orb i t  cases the moon i s  a t  the design contact posi t ion 
a f t e r  the  design f l i g h t  t ime. f o r  the eccentric- 
o r b i t  t r a j ec to ry  i s  thus d i f f e ren t  from t h a t  f o r  the comparable c i rcu lar -  
orbi t '  case. However, f o r  t h i s  s i tuat ion the in jec t ion  time, measured 
r e l a t i v e  t o  the design contact time, i s  the same f o r  both the eccentric- 
o r b i t  case and the comparable c i rcular-orbi t  case. P a j e c t o r i e s  cal-  
culated with t h i s  inject ion s i tuat ion a re  cal led t r a j ec to r i e s  B and are  
i l l u s t r a t e d  i n  p a r t  (b) of figure 6. 

The position angle 

Trajectory Comparisons 

The comparisons gf lunar t raJector ies  w i t h  c i rcu lar  and eccentric 
lunar o r b i t s  are s h k  in  figures 7 to 9. Ln order t o  f a c i l i t a t e  the 
presentation, these t r a j ec to r i e s  a re  p lo t ted  with respect  t o  a r igh t -  
hand ro t a t ing  coordinate system with the or ig in  a t  the center of the 
moon ( f i g .  1). In t h i s  right-hand system, the Xm-aXiS is  the l i n e  
joining the centers of the ear th  and moon, posi t ive i n  the  d i rec t ion  
away from the  earth; the Ym-aXis  i s  normal t o  the Xm-axis, posi t ive i n  
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the  direction of the moon's motion; and the &-axis i s  normal t o  the  
earth-moon plane. Two views of the t r a j ec to r i e s  are shown i n  f igures  7 . 
t o  9, one looking down on the earth-moon plane and one looking along 
the earth-moon plane. Time of f l i g h t ,  measured i n  hours from the injec-  
t i o n  time, i s  indicated on the figures.  

It is  t o  be noted t h a t  a l l  the t r a j ec to r i e s  shown i n  f igures  7 t o  9 
r e s u l t  i n  lunar impact. This f a c t  gives an indication of the order of 
magnitude of the  e f f e c t  of the eccent r ic i ty  of the lunar o r b i t  on lunar 
t ra jec tor ies ,  f o r  even i n  the cases considered i n  t r a j ec to r i e s  A, the  
e f f e c t  of the eccent r ic i ty  i s  not  suf f ic ien t ly  large t o  prevent lunar 
impact . 

On comparing t r a j ec to r i e s  A with the basic cases, it i s  seen t h a t  
a l l  these t r a j ec to r i e s  tend t o  impact a t  points more behind the center 
of the moon than the basic cases, p a r t i a l l y  because of the grea te r  
angular t r ave l  of the moon during the t i m e  of f l i g h t  of the vehicle f o r  
the eccentric cases, as indicated by the angular r a t e s  of motion sham 
i n  f i g u r e  5. Additional considerations of such items as the  grav i ta t iona l  
influence of the moon on the t r a j ec to r i e s ,  the var ia t ion  of t h i s  gravita- 
t i o n a l  influence w i t h  in jec t ion  velocity and earth-moon distance, d i f -  
ferences i n  f l i g h t  time, and other fac tors  tend t o  complicate any more 
de ta i led  discussion of the t r a j ec to r i e s .  
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Trajectories B are a l so  presented in  f igures  7 t o  9. Comparison 

of t ra jec tor ies  B w i t h  the  basic t r a j ec to r i e s  shows t h a t  when the d i f -  
ference in angular motion of the moon during the f l i g h t  time f o r  the 
two cases i s  accounted for ,  the e f f e c t  of the eccent r ic i ty  of the lunar 
o r b i t  i s  f a i r l y  s m a l l .  The difference i n  angular motion i s  accounted 
f o r  simply by in jec t ing  the vehicle, f o r  the eccentric-orbit  case, a t  
the same time r e l s t i v e  t o  the design contact time as t h a t  f o r  the basic 
case. The differences between the basic  t r a j ec to r i e s  and t r a j ec to r i e s  B 
a r e  pa r t i a l ly  due t o  small differences i n  the grav i ta t iona l  force, i n  
magnitude and direct ion,  of the moon on the vehicle, and p a r t i a l l y  due 
t o  small differences i n  f l i g h t  time. N o  attempt i s  made t o  evaluate 
the separate e f f ec t s .  The differences between impact points  on the  lunar 
surface for  the basic t r a j ec to r i e s  and t r a j ec to r i e s  B amount t o  about 12 
t o  230 miles. The differences between impact points fo r  t r a j ec to r i e s  A 
and B and the basic  cases are  sumnarized i n  tab le  11. 

Fromthe preceding r e su l t s ,  it can be seen t h a t  the e f f e c t  of the 
eccentr ic i ty  of the lunar o r b i t  can be such as t o  modify lunar t r a j ec -  
t o r i e s  i n  the v i c in i ty  of the moon by an order of magnitude of about a 
lunar radius as comared w i t h  t r a j ec to r i e s  which consider a c i rcu lar  
lunar orbit .  However, i f  the in jec t ion  s i tua t ion  f o r  the  eccentr ic  
o r b i t  i s  chosen such t h a t  the inject ion\ t ime i s  the same, r e l a t i v e  t o  
the  design contact time, as t h a t  f o r  the basic  case, the e f f e c t  of the 
eccentr ic i ty  of the o r b i t  i s  small. 



THE EFFECT OF THE EARTH'S OBLATENESS ON LUNAR TFKJXCTORIES 

General Considerations 
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To invest igate  the e f f ec t  of the e a r t h ' s  oblateness, t r a j ec to r i e s  
calculated by u t i l i z i n g  the equations of motion which include the addi- 
t i o n a l  terms due t o  the oblateness are compared with those t r a j ec to r i e s  
calculated by neglecting these terms; t h a t  is, the basic cases. 
both of these sets of t ra jec tory  calculations, the solar gravi ta t iona l  
f i e l d  and the eccentr ic i ty  of the moon's o r b i t  are  neglected. The injec- 
t i on  conditions f o r  the t ra jec tory  calculations which include and neglect 
the oblateness are  ident ical ,  and comparison of the two s e t s  of t ra jec-  
t o r i e s  i n  the v i c in i ty  of the moon gives an indication of the magnitude 
of the e f f e c t  of the e a r t h ' s  oblateness. 

For 

The manner i n  which the oblateness perturbation a f fec ts  the tra,jec- 
tory depends on a number of variables. The most important variables 
appear t o  be the heading angle and the l a t i t ude  of the launch point  which 
determine the incl inat ion of the orbi t  t o  the equator, the in jec t ion  
veloci ty  which essent ia l ly  determines the f l i g h t  time, and the in jec t ion  
angle which determines the geocentric angular t r a v e l  of the vehicle. A 
rough qual i ta t ive  description of the e f fec ts  can be made by resolving 
the perturbation force in to  i t s  two components and examining the e f f e c t  
on the  t r a j ec to ry  of each component. The additional force components 
due t o  the e a r t h ' s  oblateness are: 

(1) A r a d i a l  force which produces a m a x i m u m  acceleration toward the 
center of the ear th  when the par t ic le  i s  on the equator, produces a 
maximum acceleration away from the earth when the p a r t i c l e  i s  at a pole, 
and vanishes a t  a l a t i t ude  of 35.27'. 

(2)  An orthogonal force component (normal t o  the geocentric radius 
and i n  the plane containing the radius and the polar ax is )  which always 
ac t s  t o  accelerate the vehicle tuward the equator ia l  plane, has a maxi- 
mum value a t  a l a t i t ude  of 4 3 O ,  and vanishes when the vehicle i s  a t  the  
pole o r  i n  the equatorial  plane. 

The force components are  proportional to the  coef f ic ien t  of the 
second harmonic of the gravi ta t ional  potent ia l  and inversely proportional 
t o  the fourth power of the geocentric radius of the pa r t i c l e .  Thus, they 
are  r e l a t ive ly  small forces which decrease very rapidly as the p a r t i c l e  
recedes from the earth.  
e f f ec t s  j u s t  a f t e r  the vehicle i s  injected and i s  s t i l l  r e l a t ive ly  n e w  
the center of the earth. 

Because of t h i s ,  the forces produce t h e i r  major 



14 
0 

- 
Trajectory Comparisons 

Figure 10 shows the basic t r a j ec to r i e s  (1, 2, and 3 i n  t ab le  I) and .. 
the  perturbed t ra jec tor ies .  
a t  which they intercept  the lunar surface. 
the  lunar  surface from the basic-trajectory impact point  t o  the perturbed- 
t ra jectory impact point  i s  tabulated i n  tab le  I1 for  the  t r a j ec to r i e s  
presented i n  f igure 10. 
e n t  perturbation are  also shown i n  f igure 10. These t r a j ec to r i e s  a re  
discussed i n  a l a t e r  section.)  

The t r a j ec to r i e s  are terminated at  the  point  
The distance measured along 

(Trajector ies  fo r  the solar  grav i ta t iona l  gradi-  
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For the cases presented i n  f igure 10, which have a due-east injec-  
t ion ,  the t race of the vehicle on the surface of the ea r th  rapidly 
approaches the equator during the important p a r t  of the t ra jec tory .  
Figure 11 shows the l a t i t ude  and geocentric-radius t i m e  h i s to r i e s  f o r  
the  basic case with a velocity r a t i o  of 0.996 (basic case 2 i n  t ab le  I).  
The other velocity r a t i o s  have s i m i l a r  var ia t ions.  During the f i r s t  
hours the r ad ia l  force component tends t o  increase the  curvature of the 
t ra jectory and t o  decrease the  velocity as compared t o  the basic cases. 
The increased curvature displaces the t ra jec tory  i n  f r o n t  of and below 
the moon and the reduced velocity displaces the t ra jec tory  behind the  
moon. Since the i n i t i a l  pa r t  of the t ra jec tory  i s  north of the equator, 
the orthogonal component tends t o  displace the t ra jec tory  below the 
moon. 
a t  which the orthogonal component vanishes; therefore, the e f f e c t  of 
t h i s  component i s  s m a l l .  

However, the t race  of the vehicle rapidly approaches the equator 

The r e l a t ive  effectiveness of these forces w i l l  depend on a number 
For example, it i s  expected t h a t  a given retarding force of rrariables. 

w i l l  not change the f l i g h t  time t o  the moon f o r  high in jec t ion  ve loc i t ies  
as much as it w i l l  f o r  low inject ion ve loc i t ies .  Also, the radial force 
w i l l  change the curvature of a low-injection-angle t ra jec tory  more than 
it w i l l  f o r  a high-injection-angle t ra jec tory  inasmuch as the vehicle 
has a greater geocentric angular t r ave l  i n  the e f fec t ive  range of the 
force i n  the former case. In  the l i g h t  of the above discussion, it 
appears t h a t  f o r  the basic cases presented i n  which the in jec t ion  angle 
decreases as the velocity increases there  m a y  be an in jec t ion  velocity 
a t  which the displacements of the t ra jec tory  i n  the XY plane w i l l  vanish. 
Figure 10 shows t h a t  the perturbed t ra jec tory  f o r  

i n  f ront  of the  respective basic t ra jec tory  while the perturbed t ra jec-  

t o ry  for 

velocity a t  which the displacements cancel i s  between these two values. 

1 = 1.006 passes 
vP 

- - - 0.996 passes behind the basic  t ra jectory;  thus the  
vP 

It i s  expected t h a t  the manner i n  which the oblateness perturbation 
dis turbs  the t ra jec tory  w i l l  depend t o  a cer ta in  extent on the l a t i t ude  - 
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t i m e  h i s to ry  of the vehicle immediately after inject ion.  I n  order t o  
indicate  the magnitude of t h i s  effect ,  three addi t ional  basic t ra jec-  
t o r i e s  (cases 7, 8, and 9 i n  tab le  I) w e r e  calculated with the use of 
the same veloci ty  r a t i o s  and inject ion angles as cases 1, 2, and 3 i n  
t ab le  I.  
i n  order t o  impact the moon at  zero declination. Figure 11 shows the 
l a t i t u d e  t i m e  h i s tory  for - = 0.996 (basic case 8 i n  tab le  I) .  The 

radius t i m e  h i s to r i e s  for  cases 2 and 8 are e s sen t i a l ly  the same. 

However, the vehicle i s  injected with a heading north of east 

v 
vP 

Figure 12 shows these basic  t ra jec tor ies  (cases 7, 8, and 9 i n  
t ab le  I) and a l s o  the perturbed t ra jec tor ies  i n  the region of the moon, 
and t ab le  I1 gives the distance measured on the lunar surface between the 
basic  and perturbed impact points.  In the region of the moon, the per- 
turbed t r a j ec to r i e s  i n  figure 12 a re  displaced s l i g h t l y  more i n  the nega- 
t i v e  d i rec t ion  than the perturbed t r a j ec to r i e s  presented i n  figure 10. 
This displacement i s  pa r t ly  due t o  the increased magnitude of the  orthog- 
onal component as the i n i t i a l  p a r t s  of the  t r a j ec to r i e s  pass f a r the r  north 
with respect  t o  the  equator. 
a l so  are displaced s l igh t ly  f a r the r  behind the moon than those given i n  
f igure 10. This s l i g h t l y  greater  displacement r e su l t s  from the addi t ional  
e f fec t  t h a t  the orthogonal component has  on the t ra jec tory  because the  
path i s  north of east a t  inject ion.  This force now has components which 
both tend t o  decrease the veloci ty  of the vehicle and t o  decrease the 
curvature of the  t ra jectory,  causing the vehicle t o  pass f a r the r  behind 
the  moon. 

z 

The perturbed t r a j ec to r i e s  i n  f igure 12 

The r e s u l t  of these addi t ional  displacements, as compared with the 
due-east in jec t ion  cases, i s  t o  increase the  impact-point var ia t ion by a 
f e w  miles, as indicated i n  the numerical r e s u l t s  i n  tab le  11. 

The r e su l t s  discussed i n  the preceding analysis indicate t h a t  the  
e f f e c t  of the e a r t h ' s  oblateness on lunar t r a j ec to r i e s  can be of some 
importance, especial ly  f o r  t ra jec tor ies  with low in jec t ion  ve loc i t ies  
and l a t i t u d e  t i m e  h i s to r i e s  which produce additive displacements i n  
the region of the  moon. A s  the  inject ion veloci ty  increases, the 
e f f e c t  of the ea r th ' s  oblateness decreases but i s  s t i l l  of su f f i c i en t  
magnitude t o  be considered i n  a variety of lunar missions. 

THE EFFECT OF !I!HE SOLAR PERTURBATION ON LUNAR TRAJECTORIES 

The e f f e c t  of the solar perturbation i s  investigated by comparison 
of lunar t r a j ec to r i e s  calculated with use of equations of motion which 
include and neglect the terms due t o  the solar gravi ta t iona l  f i e ld .  
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The t w o  sets of t r a j ec to r i e s  were calculated with iden t i ca l  in jec t ion  
conditions (with 
equations of motion due t o  the eccent r ic i ty  of the moon's o r b i t  and the 
oblateness of the ear th  are  neglected. For the r e su l t s  presented herein, 
the sun w a s  5.2' North of the earth-moon plane, a t  a distance of 
92.9 X 10 6 miles from the barycenter, and was assumed t o  ro t a t e  about 
the barycenter with constant angular veloci ty  and radius.  

a = 238,857 miles),  and f o r  both s e t s  the t e r m s  i n  the . 

Various angular posit ions of the sun a t  inject ion were investigated 
t o  determine the location which gave maximum displacement of the impact 
point  from the basic-case impact point.  Figure 13 shows the r e s u l t s  of 
t h i s  investigation fo r  the median-velocity case (; - - - 0.996). The angular 

coordinate gives the posit ion of the sun projected in to  the earth-moon 
plane. The angle i s  measured eastward from the X-axis t o  the sun's 
posit ion a t  inject ion.  
i n  miles on the lunar surface of the perturbed impact point from the  
basic-case impact point fo r  a given posi t ion of the sun. For example, 
the maximum displacement on the lunar surface of 120 miles occurs when 
the sun i s  50' eas t  of the X-axis a t  inject ion.  
the moon and sun ro t a t e  around the barycenter about 33' and 2.4', 
respectively, during the f l i g h t  time of 58 hours. 

The r a d i a l  coordinate indicates the  displacement 

For t h i s  velocity r a t i o ,  
c 
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Let the solar  perturbation force be resolved in to  tangent ia l  and 
The tangent ia l  normal components a t  each point along the t ra jectory.  

component accelerates the vehicle along the path, e i the r  increasing or 
decreasing the f l i g h t  time and causing the vehicle t o  pass behind or i n  
f r o n t  of the center of the moon. 
changes the curvature of the path. 
vehicle passes i n  f ron t  of the moon and i f  decreased the vehicle passes 
behind the moon. 
two ef fec ts  change i n  r e l a t ive  importance and r e s u l t  i n  the m a x i m u m s  
and minimums sham i n  f igure 13. The maximums result from an additive 
combination of these forces and the minimums r e s u l t  from a combination 
i n  which the displacements due t o  each component tend t o  cancel. 

The normal component essent ia l ly  
I f  the curvature i s  increased, the 

As the angular posi t ion of the sun i s  varied, these 

The t r a j ec to r i e s  i n  the region of the moon f o r  sun posit ions f o r  
which the maximum displacements occur are  shown i n  f igure 10. 
indicate the direct ion of the sun when the vehicle impacts on the lunar 
surface. 
f o r  these three cases. 
from the basic t ra jec tory  i s  seen t o  decrease rapidly as the veloci ty  
increases or the f l i g h t  time decreases. 

The arrows 

Table I1 gives the magnitude of the impact-point var ia t ion 
The displacement of the perturbed t ra jec tory  

In order t o  determine the e f f e c t  on the impact point of the sun's 
incl inat ion with respect to 'dhe  XY plane, the incl inat ion w a s  varied 

c 
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. 
from i-3.2' t o  -5.2O. 
di rec t ion  and magnitude of the displacements on the lunar surface. 

This variation produced only s m a l l  changes i n  the 

COMBINED EFFECTS OF PERTURBATIONS 

Some addi t ional  calculations have been made t o  invest igate  the 
combined e f f ec t s  of the eccentr ic i ty  of the lunar orbi t ,  the oblateness 
of the ear th ,  and the solar gravi ta t ional  gradient on lunar t r a j ec to r i e s .  
The r e s u l t s  of the calculations indicate t h a t  the combined e f f ec t s  
approximately correspond t o  a superposition, with respect t o  the basic  
cases, of the individual e f fec ts .  
individual e f f ec t s  are  considered t o  be of importance f o r  a pa r t i cu la r  
mission, a l l  the important e f fec ts  should be included i n  the tra- 
jectory calculat ions.  

Thus, i f  more than one of the 

CONCLUDING REMARKS 

Comparisons have been m a d e  of lunar  t r a j ec to r i e s  which have been 
calculated using the classic r e s t r i c t ed  three-body equations of motion 
and lunar t r a j ec to r i e s  (with ident ical  in jec t ion  conditions) which have 
been calculated with equations of motion which include terms representing 
the addi t ional  e f f ec t s  of the eccentr ic i ty  of the moon's orb i t ,  the 
oblateness of the earth,  and the solar grav i ta t iona l  gradient. 

The e f f e c t  of the eccentr ic i ty  of the lunar o r b i t  can be such as t o  
modify lunar t r a j ec to r i e s  i n  the v ic in i ty  of the moon by an order of 
magnitude of about a lunar radius as compared with t r a j ec to r i e s  which 
consider a c i rcu lar  orb i t .  
eccentric o r b i t  i s  chosen such. that  the inject ion time i s  the same, 
r e l a t ive  t o  the design contact time as t h a t  f o r  the basic case, the  
e f f ec t  of the eccent r ic i ty  i s  small, of the order of one or two hundred 
miles on the lunar surface. 

However, if the in jec t ion  s i tua t ion  f o r  the 

The e f f ec t  of the e a r t h ' s  oblateness on lunar t r a j ec to r i e s  is  
dependent on the time his tory of the geocentric l a t i t ude  of the vehi- 
c l e ,  par t icu lar ly  during the time i n  which the vehicle i s  i n  the vicin- 
i t y  of the ear th .  The e f fec t  of the e a r t h ' s  oblateness can cause d i f -  
ferences i n  the lunar t r a j ec to r i e s  with respect t o  the moon of several  
hundred miles. The e f f ec t  of the ear th ' s  oblateness decreases as the 
in jec t ion  veloci ty  is  increased. 

. 
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The e f f e c t  of the solar  gravi ta t ional 'gradient  on lunar t r a j ec to r i e s  
i s  re la t ive ly  s m a l l  and causes differences i n  the t r a j ec to r i e s  with 
respect t o  the moon on the order of magnitude of one or two hundred miles 
i n  impact point on the lunar surface. 
as the injection velocity i s  increased. 

These differences also decrease 

Whether consideration should be given t o  differences of the amounts 
discussed above depends on the par t icu lar  l u n a r  mission, but the present 
r e s u l t s  indicate the order of magnitude of the differences i n  the t r a j ec -  
t o r i e s  due t o  the approximation involved i n  neglecting the addi t ional  
e f fec ts .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field,  Va., November 17, 1959. 
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Figure 2.- Illustration of angular relations between coordinate system 
and earth-equatorial plane. 
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Figure 3.- Illustration of angular relations between coordinate system 
and sun' s plane. 
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Figure 6.- Schematic illustration of injection situations considered. 
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Figure 10.- Basic and perturbed trajectories in the region of the moon 
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Figure 10. - Continued. 
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Figure 12.- Continued. 
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